Let G be a simple connected graph and t be a given real number. The zero-order general
Introduction
Given a simple connected graph G = (V (G), E(G)), the Randić index of G is defined as [5] :
where d(u) denotes the degree of the vertex u of G. In [5] Randić demonstrated the close relation of this index with a variety of physical-chemical properties of various classes of organic compounds. The Randić index has received considerable attention and has been generalized in many ways. In this paper, we are concerned with finding sharp bounds of the generalized zeroorder Randić index [2, 4] : α t (G) = u∈V (G) d (u) t of certain unicyclic graphs.
Several special cases of α t have been studied for different graphs. In [3] , Li and Zhao characterized all trees with the first three smallest and largest α t values, where t is restricted to ±m and ± 1 m for some positive number m ≥ 2. Wang and Deng generalized the work of [3] to unicyclic graphs. In particular, they characterized unicyclic graphs with the largest α ±m and α − 1 m [6] . More recently, Hua and Deng [1] obtained sharp lower and upper bounds of general α t for unicyclic graphs which includes the results of [6] as a special case.
In this paper, we investigate extreme values of general α t for two subclasses of simple connected unicyclic graphs on n vertices, namely, unicyclic graphs with k pendant vertices, and unicyclic graphs with a k-cycle. We give sharp lower bounds and upper bounds for these two classes of graphs. Our result shows that there is certain duality of the extremal graphs of these classes. The bounds given in [1] can be easily deduced from our result. Since α 0 (G) = |V (G)| and α 1 (G) = 2|E(G)|, we only consider t = 0, 1.
Before proceeding, we introduce some notations. A pendant vertex of a graph is a vertex with degree 1. Let U n denote the set of all simple connected unicyclic graphs of order n and C (G) denote the unique cycle of any graph G ∈ U n . Let U n,k ⊂ U n denote the set of all unicyclic graphs of order n with k pendant vertices and U k n ⊂ U n denote the set of all unicyclic graphs of order n with a k-cycle. Let n i denote the number of vertices of degree i and ∆(G) denote the maximum degree of G. C n is a cycle of length n, P n is a path with n vertices, and S n is a star on n vertices.
The following inequalities are needed for our proofs. Since they all can be easily proved, thus the proofs are omitted. 
Determination of extreme zero-order Randić index for unicyclic graphs with k pendant vertices
The next two lemmas characterize non-extremal graphs within the class U n,k .
Proof. Let C be the cycle in G.
Proof. Let the shortest path from u to v be P :
It is easy to see that G ∈ U n,k . Then from Corollary 1.4 we have
Consider the following subclass of U n,k :
For any graph G ∈ A n,k , letting V denote the set of vertices with degree equal to 1, or 2 + µ n,k , or 3 + µ n,k , we have
So V = V (G), i.e., the degree of each vertex in G is either 1, or ∆(G) 
By considering the total degrees we have
In general, there are many different graphs in A n,k . To determine the exact number of different structures in A n,k and generate all of them are interesting open problems. We can use the following procedure to generate a subclass of A n,k .
Let C p be a cycle of length 
Another important subclass of U n,k is:
For any graph G ∈ B n,k , letting V denote the set of vertices with degree equal to 1, or 2, or k + 2, we have
So V = V (G). Now because any unicyclic graph of B n,k has only one vertex with degree greater than 2, it is easy to see that B n,k consists of all unicyclic graphs on n vertices with k pendant paths attached to the same vertex of the cycle where a pendant path is a path such that the degree of each non-pendant vertex is 2.
The graphs in B n,k can be constructed as follows:
Let u be any vertex of C p and u i be a pendant vertex of L i . Identify u 1 , u 2 , . . . , u k with u. We denote the resulting graph by G.
Clearly G is obtained by attaching k pendant paths to the vertex u ∈ C p = C (G), by the previous discussion we have G ∈ B n,k . On the other hand, for any G ∈ B n,k , we let
. . , L k be the k pendant paths at u. Then it is easy to see that applying the above procedure will exactly generate G.
Now we can give our main results for G ∈ U n,k .
The equalities hold if and only if
Proof. For any t such that t < 0 or t > 1, let H ∈ U n,k have the minimum α t (·) among U n,k . Lemma 2.1 tells us that the difference between the degrees of any two non-pendant vertices of H is at most 1. In other words, H has two or three different degrees: 1, ∆(H), and ∆(H) − 1. Then from Lemma 2.3 we know that H ∈ A n,k . The first inequality is proved.
The proof of second inequality is similar and thus omitted.
The equalities hold if and only if G ∈ B n,k .
Proof. For any t such that t < 0 or t > 1, let H ∈ U n,k have the maximum α t (·) among U n,k . Lemma 2.2 tells us that there is at most one vertex in H with degree ≥ 3. Since k ≥ 1 and H ∈ U n,k , then there is exactly one vertex with degree ≥ 3. Hence n 2 = n − k − 1 and n k+2 = 1, i.e. H ∈ B n,k . The first inequality is proved.
The proof of second inequality is similar and thus omitted. α t (G) < α t (G ) for t < 0 or t > 1, α t (G) > α t (G ) for 0 < t < 1. 
t > 0 for t < 0 or t > 1, < 0 for 0 < t < 1.
